Abstract. A classical result of A. Fleck states that if p is a prime, and n > 0 and r are integers, then
Introduction
Let p be a prime, and let n ∈ N = {0, 1, 2, . . . } and r ∈ Z. In 1913 A. Fleck (cf. [D, p. 274] ) proved that ord p k≡r (mod p)
where ⌊·⌋ is the well-known floor function, and the p-adic order ord p (α) of a p-adic number α is given by sup{a ∈ Z : α/p a ∈ Z p }. (As usual Z p denotes the ring of p-adic integers in the p-adic field Q p .) Let a ∈ Z + = {1, 2, 3, . . . }. In 1977, motivated by his study of p-adically continuous functions and unaware of Fleck's earlier result, C. S. Weisman [We] extended Fleck's inequality as follows:
where ϕ is Euler's totient function. For a function f from the complex field C to C, let ∆ 0 f (x) = f (x), ∆f (x) = f (x + 1) − f (x) and ∆ n f (x) = ∆∆ n−1 f (x) for n = 2, 3, . . . . Now we recall a classical interpolation formula due to I. Newton and J. Gregory.
Newton-Gregory Interpolation Formula. Given a function f :
where
, and used it to obtain the following lemma (similar to the Newton-Gregory interpolation formula) and give many applications.
Wilson's Lemma. Let p be a prime, and let a, b ∈ Z + . Let f be an integer-valued function on the integers that is periodic modulo p a . Then there exists a polynomial
of degree smaller than bϕ(p a ) + p a−1 such that
In this paper, for a prime p we let Q p be the algebraic closure of the field Q p and let Z p be the ring of p-adic algebraic integers in Q p . For m, n ∈ N we use [m, n] to denote the set {x ∈ Z : m x n}.
In view of the recent generalizations of Fleck's and Weisman's results (cf. [S] , [W06] , [SW] , [DS] and [SD] ), we are able to present the following further extension of Wilson's Lemma. Theorem 1.1. Let p be a prime, and let a ∈ N and
Then there exists a polynomial
The following celebrated theorem (cf. C. Chevally [C] , E. Warning [Wa] and Theorem 2.6 of M. B. Nathanson [N, pp. 50-51] ) is well known and quite useful.
Then the number of solutions to the system of equations
Here is a further refinement of the Chevalley-Warning theorem due to J. Ax [A] in the case m = 1, and N. Katz [K] in the general case.
Ax-Katz Theorem. Let F q be the finite field with q = p a elements where p is a prime and a ∈ Z
b divides the number of solutions to the system (1.5) over F n . 
. . , a m ∈ N, and let f 1 (x 1 , . . . , x n ), . . . , f m (x 1 , . . . , x n ) be nonzero polynomials with integer coefficients. Assume that
where [[a k = 0]] takes 1 or 0 according as a k = 0 or not. Then
In the case F 1 (x) = · · · = F m (x) = 1, Theorem 1.2 yields an extension of the Ax-Katz theorem for prime fields. In 1995 O. Moreno and C. J. Moreno [MM] introduced a method to reduce the general case of the AxKatz theorem to the prime field case. Corollary 1.1. Let f 1 (x 1 , . . . , x n ), . . . , f m (x 1 , . . . , x n ) be nonzero polynomials with integer coefficients having degrees
then we have
Proof. Just apply Theorem 1.2 with a k = a and
Let q = p a where p is a prime and a ∈ Z + , and let ζ q−1 ∈ Z p be a primitive (q − 1)-th roots of unity. It is well known that Z p [ζ q−1 ]/(p) is a finite field of q elements. The finite field F q of q = p a elements is an extension of the prime field F p with [F q : F p ] = a. Thus F q is isomorphic to F a p and the Chevalley-Warning theorem can be reduced to the prime field case. Corollary 1.1 in the case a = b = 1 and l 1 = . . . = l m = 0 yields the Chevalley-Warning theorem for F p = Z/pZ and hence the general case of the Chevalley-Warning theorem.
2. Proofs of Theorems 1.1 and 1.2 Lemma 2.1. Let p be a prime, and let f (x) ∈ Q p [x] with deg f l ∈ N and f (m) ∈ Z p for all m ∈ Z. For any a, n ∈ N and r ∈ Z, we have 
by D. Wan [W06, Theorem 1.3 ] (see also [SW] for a combinatorial proof). This is also true in the case a = 0, since
by a known identity (cf. [GKP, (5.24) 
]).
As l! 
By [SD, Theorem 1.2], we also have
Combining the above we obtain both (2.1) and (2.2).
Proof of Theorem 1.1. Let F (x) = f (⌊x/p a ⌋)g({x} p a ) for x ∈ Z, where {x} p a denotes the least nonnegative residue of x modulo p a . For
. Then, for each m ∈ N we have
For any x ∈ Z and n ∈ [0, max{d, l}], by the Chu-Vandermonde convolution identity (cf. [GKP, (5.27 )]) we have 
By the above, we do have
Lemma 2.2. Let p be a prime, and let
Proof. See Lemma 4 of Wilson [Wi] and its proof.
Proof of Theorem 1.2. Given k ∈ [1, m], by Theorem 1.1 there is a polynomial
ϕ(p a k ) for all j = 0, . . . , n k , and
, and let
, 0 for k = 1, . . . , m. and hence S(j 1 , . . . , j m ) ≡ 0 (mod p c ) by Lemma 2.2. This concludes the proof.
